We calculate the quadratic fluctuations of net baryon number, electric charge and strangeness as well as correlations among these conserved charges in (2+1)-flavor lattice QCD at zero chemical potential. Results are obtained using calculations with tree level improved gauge and the highly improved staggered quark (HISQ) actions with almost physical light and strange quark masses at three different values of the lattice cut-off. Our choice of parameters corresponds to a value of 160 MeV for the lightest pseudo scalar Goldstone mass and a physical value of the kaon mass. The three diagonal charge susceptibilities and the correlations among conserved charges have been extrapolated to the continuum limit in the temperature interval 150 MeV ≤ T ≤ 250 MeV. We compare our results with the hadron resonance gas (HRG) model calculations and find agreement with HRG model results only for temperatures T < ∼ 150 MeV. We observe significant deviations in the temperature range 160 MeV < ∼ T < ∼ 170 MeV and qualitative differences in the behavior of the three conserved charge sectors. At T ≃ 160 MeV quadratic net baryon number fluctuations in QCD agree with HRG model calculations while, the net electric charge fluctuations in QCD are about 10% smaller and net strangeness fluctuations are about 20% larger. These findings are relevant to the discussion of freeze-out conditions in relativistic heavy ion collisions. 
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I. INTRODUCTION
The low energy runs currently being performed at the Relativistic Heavy Ion Collider (RHIC) [1] aim at an exploration of the QCD phase diagram at non-zero temperature (T ) and baryon chemical potential (µ B ) through the measurement of fluctuations of conserved charges, e.g., net baryon number, electric charge and strangeness. For the former, first results have been published by the STAR collaboration [2] and preliminary results on the latter two have been presented at conferences. A central goal of these experiments is to search for the existence of the QCD critical point, a second order phase transition point, that has been postulated to exist at non-vanishing baryon chemical potential in the T -µ B phase diagram of QCD [3, 4] . Fluctuations in conserved charges can probe this critical point, the endpoint of a line of first order phase transitions that extends to large baryon chemical potential at non-zero quark masses. More generally, the study of fluctuations at any value of the baryon chemical potential probe thermal conditions in a medium and provide information on the critical behavior of QCD [5] .
At zero baryon chemical potential, already, the analysis of fluctuations of conserved charges and their higher order cumulants provides important information about the relation between the QCD chiral phase transition at vanishing light quark masses, the cross-over temperature at physical quark masses and the freeze-out conditions observed in heavy ion experiments [5] [6] [7] . Thus, calculations of conserved charge fluctuations at µ B = 0 will provide unique information on freeze-out conditions at the LHC where the baryon chemical potential is small, µ B /T ≈ 0.05. The quadratic fluctuations of the net baryon number characterize the width of the probability distribution which has been measured at RHIC [2] and has recently been analyzed in the framework of the hadron resonance gas (HRG) model [8] . Although the HRG model provides a rather satisfactory description of global hadron yields at chemical freeze-out [9] , its ability to describe detailed properties of strongly interacting matter such as fluctuations of conserved charges and, in particular, their higher order cumulants is not obvious. The foundation for the HRG model is given by the Dashen, Ma, Bernstein theorem [12] , which shows that the partition function of strongly interacting matter can be described by a gas of free resonances, if the system is sufficiently dilute and the resonance production is the dominant part of the interaction among hadrons [13, 14] . At very low temperature and high baryon number density, where nonresonant nucleon-nucleon interactions become important, as well as at high temperature where strongly interacting matter undergoes a transition to the quark-gluon plasma regime and partonic degrees of freedom become dominant, the HRG model is expected to be a poor approximation to the thermodynamics of strongly interacting matter. To what extent the HRG model provides a good description of strongly interacting matter needs to be explored in detail by comparing model calculations with first principal (lattice) QCD calculations. The latter provides the complete description of QCD thermodynamics at all values of the temperature and ultimately should set the standard for the interpretation of experimental results on strong interaction thermodynamics. Unfortunately, this is, at present, not fully possible. For instance, the only satisfactory way to specify the thermal conditions in a heavy ion experiment at the time of hadronization is through the comparison of experimental data with HRG model calculations [15] . It has recently been pointed out that in the future this may be overcome by comparing experimental data on conserved charge fluctuations directly with lattice QCD calculations [5] . Also in order to establish such an approach more firmly it is important to understand and quantify to what extent lattice QCD calculations and HRG model calculations agree and in which temperature regime the latter provides a reasonable approximation to strong interaction thermodynamics.
Indeed, some deviations in ratios of higher order cumulants of baryon number fluctuations, calculated within the HRG model, from experimental results for cumulants of net proton fluctuations have been observed [8] . Whether these deviations can be accounted for within QCD or are of more technical origin related to the restricted phase space in which experimental observations have been performed is an open question. In any case, a more detailed analysis of the thermal conditions achieved in heavy ion experiments is important. Lattice QCD calculations of fluctuations of conserved charges in equilibrium thermodynamics provide a base line for such discussions. Studies of fluctuations and higher order cumulants [16] may reveal differences between HRG model calculations and QCD thermodynamics that will appear close to criticality in the QCD phase diagram.
In this paper we will use the HRG model in its simplest version, i.e. as a sum of non-interacting, point-like particles. This is known to provide an accurate description of a dilute, strongly interacting hadron gas [13] . The need for taking into account residual interactions, for instance through the introduction of an intrinsic size of the hadrons [10] has been discussed. It has also been noted that the inclusion of higher mass resonances and an improvement in the strangeness sector of the HRG model may be needed to adequately describe pronounced features of hadron production such as the enhancement in the K/π ratio [11] . The advantage of the simplest version, however, is that the HRG model in this form is parameter free, while any improvement on this model will introduce further parameters without bringing us closer to the actual underlying theory, QCD, in a controlled way.
Quadratic fluctuations of conserved charges are closely related to quark number susceptibilities [17] . Fluctuations of net baryon number, electric charge and strangeness, as well as correlations among them, have been analyzed in previous lattice QCD calculations [18] [19] [20] [21] and have also been used to characterize properties of the relevant thermodynamic degrees of freedom at low as well as high temperature [16, 22, 23] . The generic forms of their temperature dependence and their scaling properties are understood in terms of universal properties of the QCD partition function and its derivatives in the vicinity of the QCD chiral phase transition [7, 20] . To make use of this knowledge in a quantitative comparison with experimental results, lattice QCD calculations close to the continuum are needed.
In this paper we present an analysis of fluctuations in, and correlations among, conserved charges using numerical calculations in (2+1)-flavor QCD at three values of the lattice cut-off 1 . For these calculations we exploit an O(a 2 ) improved action consisting of a tree-level improved gauge action combined with the highly improved staggered fermion action (HISQ/tree) [26, 27] . We discuss the cut-off dependence of our results in different temperature intervals and consider two different zero-temperature observables for the determination of the temperature scale used for extrapolations to the continuum limit. This allows us to quantify systematic errors in our calculation. In an appendix, we discuss the relation between temperature scales deduced from different zero-temperature observables and the propagation of their cut-off dependence into the cut-off dependence of thermodynamic observables.
II. FLUCTUATIONS OF CONSERVED CHARGES FROM LATTICE QCD; THE HADRON RESONANCE GAS AND THE IDEAL GAS LIMIT
To calculate fluctuations of baryon number (B), electric charge (Q) and strangeness (S) from (lattice) QCD we start from the QCD partition function with non-zero light (µ u , µ d ) and strange quark (µ s ) chemical potentials. The quark chemical potentials can be expressed in terms of chemical potentials for baryon number (µ B ), strangeness (µ S ) and electric charge (µ Q ),
The starting point of the analysis is the pressure p given by the logarithm of the QCD partition function,
Fluctuations of the conserved charges and their correlations in a thermalized medium are then obtained from its derivatives evaluated at µ = (µ B , µ Q , µ S ) = 0,χ
withμ X ≡ µ X /T and X, Y = B, Q, S. Explicit expressions for the calculation of these susceptibilities in terms of generalized light and strange quark number susceptibilities are given in [20] . As all these derivatives are evaluated at µ = 0, the expectation values of all net charge numbers δN X ≡ N X − NX , with N X (NX ), denoting the number of particles (anti-particles), vanish, i.e., δN X = 0. The susceptibilities, i.e., the quadratic fluctuations of the charges, are then given bŷ
A. The hadron resonance gas
We will compare results for fluctuations and correlations defined by Eqs. (3) and (4) with hadron resonance gas model calculations. The partition function of the HRG model can be split into mesonic and baryonic contributions,
1 Preliminary results of this work had been presented at Quark Matter 2011 [24] and PANIC 2011 [25] . 
where the partition function for mesonic (M ) or baryonic (B) particle species i with mass M i is given by, ln Z the HISQ/tree action for three values of the lattice cut-off corresponding to lattices with temporal extent N τ = 6, 8 and 12 and a spatial lattice extent N σ = 4N τ . The calculations cover a temperature range, 130 MeV < ∼ T < ∼ 350 MeV. In this temperature range the line of constant physics is defined by tuning the strange quark mass m s to its physical value and setting the light quark masses to m l = m s /20, which correspond to a pion mass M π ≃ 160 MeV.
It is important to note that the definition of physical quark and/or pion masses is not straightforward in calculations with staggered fermions at non-zero values of the lattice spacing due to taste symmetry breaking. Taste symmetry breaking, which is a consequence of the doubling problem in the staggered formulation, gives rise to sixteen pseudoscalar mesons corresponding to the sixteen elements of the Clifford algebra, of which only one, with taste matrix γ 5 , behaves as a Goldstone particle at finite lattice spacing. Even in the chiral limit, the other 15 modes receive masses of O(a 2 ) which vanish only in the continuum limit. Thus, as a result of taste symmetry breaking, these sixteen modes contribute to observables with different masses. The same is true of all other states, but the problem is most severe for Goldstone modes. The size of these effects has been quantified for the staggered fermion discretization scheme exploited here (HISQ/tree) by measuring the masses of the sixteen taste pions and by defining a root-mean-squared mass [27] ,
Taste symmetry breaking also affects the generation of the ensemble of gauge configurations on which measurements are made. To simulate the desired number of flavors, the fourth-root of the staggered fermion determinant is taken for each flavor. While this "rooting" trick corrects for the number of flavors in the continuum limit, at finite lattice spacings, the masses of states contributing to the partition function are not degenerate.
With the improved staggered fermion action (HISQ/tree) used in our calculation, taste violations, while strongly suppressed, are still large [27] . In fact, our analysis showed that the HISQ/tree action has the smallest taste violations compared to the other improved staggered actions (p4, asqtad and stout) used in finite temperature calculations. Nevertheless, at values of the cut-off corresponding to the transition region (T ≃ 160 MeV) on the three different N τ lattices analyzed by us, the RMS masses vary from M RMS π ≃ 215 MeV on our finest lattices (N τ = 12) to M RMS π ≃ 415 MeV on the coarsest lattice (N τ = 6), in contrast to the Goldstone pion mass 140 MeV [27] . We also find that, to a good approximation, the difference of M RMS π and the physical pion mass M π is proportional to the square of the lattice cut-off at a fixed value of the temperature, (aT )
In this paper we show that the cut-off effects resulting from a much heavier RMS mass influence most strongly the electric charge fluctuations as these are most sensitive to the contributions from pions. It is worth pointing out, for comparison, that to obtain an RMS mass of about 215 MeV achieved with the HISQ/tree action on N τ = 12 lattices will require N τ ≈ 20 with the asqtad and stout actions [21, 27] .
We typically analyzed 10,000-20,000 gauge field configurations per parameter set for N τ = 6, 10,000-14,000 configurations for N τ = 8 and up to 6000 configurations for N τ = 12 lattices. Measurements of all operators needed to calculate quadratic fluctuations have been performed every 10 hybrid Monte Carlo time units for N τ = 12 and every 10 or 20 time units for N τ = 6, 8 lattices. Most of our quark number susceptibilities on the N τ = 6 and 8 lattices were calculated on GPU-clusters and we used 500-1500 random source vectors for the analysis. The N τ = 12 data were analyzed using 400 random source vectors at low temperatures and 100 at high temperatures.
When performing lattice QCD calculations at non-zero temperature, we have to control (at least) two different sources of cut-off errors. On the one hand there is the intrinsic cut-off dependence of the observables calculated at non-zero temperature at a certain value of the cut-off a −1 . We reduce these by working with tree-level O(a 2 ) improved actions in the gauge as well as the fermion sector. This improvement also insures that at high temperature the cut-off dependence of the basic operators entering our calculations is small. An additional cut-off dependence arises due to the choice of the zero temperature observable used to set the scale for all finite temperature measurements. We investigate two different scale-setting observables: the length scale r 1 extracted from the slope of the static quark potential,
and the kaon decay constant f K . The temperature in these units is T r1 r 1 = r 1 /(aN τ ) and
The efficacy of these observables in setting the scale is complementary in many respects [27] . In particular, we note that r 1 has a mild dependence on the quark masses and is well defined even in the infinite quark mass limit. The kaon decay constant, on the other hand, has a sizeable quark mass dependence, and at lattice spacings used in this study, it is sensitive to taste symmetry violations in the hadron spectrum. To convert to physical units, we use r 1 = 0.3106 (20) fm [30] and the latest PDG value for the kaon decay constant, f K = 156.1/ √ 2 MeV. In Fig. 1 , we show the difference in the two estimates of temperature over the interval relevant to the calculations performed here. The leading order correction contributing to this difference is O(g 2 a 2 ). The left hand figure shows results using the potential shape parameter r1 to set the scale for the temperature. The right hand figure shows the same data using fK to set the scale. Also shown are the results obtain from the HRG model and the infinite temperature ideal gas limit (solid lines).
As noted in [27] , we also find that in the study of charge fluctuations it is advantageous to use the f K scale as it absorbs a significant fraction of the cut-off effects, i.e., the cut-off effects are similar and cancel to a large extent in the ratio of hadron masses and temperature, M/T . However, it should be stressed that any one observable (r 1 or f K ) cannot eliminate cut-off effects in all observables equally well. We elaborate on this point in more detail in the appendix.
IV. FLUCTUATIONS
A. Fluctuations in baryon number, strangeness, and electric charge
We start our discussion of the fluctuations of baryon number, strangeness and electric charge by summarizing the data obtained on lattices with temporal extent N τ = 6, 8 and 12 in Tables II, III and IV and discussing their scaling behavior. The continuum extrapolation and comparison to the HRG model as well as the asymptotic high temperature ideal gas results are discussed in detail in the next subsection. Figure 2 shows results for the baryon number susceptibility with the temperature scale set using r 1 (left hand panel) and f K (right hand panel). In both cases, we show the results from the HRG model including all resonances with mass M H ≤ 2.5 GeV. The noticeable differences between the left and right hand panels of Fig. 2 are due to setting of the temperature scale and we find that the cut-off effects are smaller when a scale based on f K is used. As (17) TABLE II. Quadratic fluctuations of net baryon number, electric charge and strangeness as well as correlations among these conserved charges in units of T 2 calculated on lattices with temporal extent Nτ = 6. We use fK to define the temperature scale. pointed out above, this feature has also been noted in the analysis of chiral observables [27, 31] . In principle, both scales should lead to identical results in the continuum limit, however, the continuum extrapolation is much better controlled when the cut-off effects are small. We therefore use the f K temperature scale in the rest of the paper unless stated otherwise.
In Fig. 3 , we show results for fluctuations of net strangeness (left) and net electric charge (right) using f K to set the scale for the temperature. The figure also shows the corresponding HRG results. Both, the strangeness and the baryon number (see Fig. 2 ) fluctuations agree with HRG results for temperatures below T ≃ 160 MeV and show small cut-off effects. The electric charge fluctuations deviate significantly from HRG results at all temperatures and show large cut-off dependence. These large cut-off effects inχ Q 2 can mostly be explained as due to discretization errors in the lattice hadron spectrum. The dominant contribution toχ Q 2 at low temperatures comes from pions, whileχ S 2 receives the leading contribution from kaons andχ B 2 from nucleons. As discussed in Section III, the pion spectrum is strongly affected by taste symmetry violations in the staggered formulation, and it has been shown in earlier work that the agreement inχ Q 2 between lattice QCD results and HRG model calculations can be improved using a distorted spectrum in the HRG analysis [32, 34] .
To confirm this observation, we show in Fig. 3 (right panel) the HRG results obtained after replacing the physical pion mass by the RMS pion mass relevant to our calculations on the N τ = 6, 8 and 12 lattices, respectively. These cut-off effects leading to the spectral distortion vary not only with N τ but also with temperatures at fixed N τ . We therefore parametrize the cut-off dependence of M RMS π , at each N τ , using a cubic polynomial fit to the data given in [27] . This allowed us to estimate the modified HRG result as a function of temperature, as shown in Fig. 3 by short solid lines (colored lines). The data confirm that below T ≃ 155 MeV, the numerical results forχ Q 2 are well described by this minimally modified HRG model and the major part of the difference is indeed due to the taste symmetry breaking effects in the pion sector. Since all other heavier states contributing to the HRG model are assumed to take on their physical values, the fluctuations of strangeness and baryon number are not influenced by this modification of the HRG model. We discuss these features, together with continuum extrapolations, for the data shown in Fig. 2 and 3 in more detail in the following subsection.
It is worthwhile to clarify our discussion of the comparison of lattice QCD data with the HRG model. When we say that the HRG is a good approximation to QCD, we refer to the value of the susceptibility, as is traditional. At the temperature where this agreement fails, we observe that not only the value but the slope also deviates significantly. Our data also indicate that the curvature starts to deviate 20-30 MeV earlier depending on the observable. These derivatives of the susceptibility are related to higher moments, which are increasingly less well captured in the HRG analysis and have not been calculated in our lattice simulations.
B. Continuum extrapolation and approach to the hadron resonance gas estimates
In this section, we analyze cut-off effects at fixed values of the temperature for three values of the lattice spacing, aT = 1/6, 1/8 and 1/12. We perform this analysis for temperature scales defined in terms of both r 1 and f K in order to quantify systematic effects at a given lattice spacing and to demonstrate consistency between the estimates in the continuum limit. Our simulations on the lattices with the three different N τ values have not been done at the same values of the temperature. As a result, in order to perform continuum extrapolations at fixed temperature, we have used cubic spline interpolations of our data throughout this paper. We propagate errors on the spline parameters. In addition to estimating statistical errors based on our entire data sample, we also use the difference of spline interpolations performed on two independent sub-sets constructed by choosing every second T-point (even and odd points), as an estimate for the systematic errors. The final error on our data is obtained by adding this error estimate and the purely statistical error obtained from the full data set in quadrature.
We first discuss the continuum extrapolation for the three susceptibilities shown in Figs. 2 and 3 at high temperature, T ≥ 170 MeV. In this regime, cut-off effects are generally small, which, to some extent, is due to the fact that our numerical calculations have been performed with an O(a 2 ) improved action with small cut-off dependence of thermodynamic observables in the infinite temperature ideal gas limit [33] . In Fig. 4 , we show continuum extrapolations for all three susceptibilities, χ 4 ) start to become important. This is evident from the data sets at T = 150 MeV, which are shown in Fig. 4 as well. We note that also at this temperature, which is the lowest temperature for which we perform continuum extrapolations, extrapolations based on the r 1 and f K temperature scales are in good agreement. Having demonstrated consistency of the continuum estimate obtained using r 1 and f K , we, as stated previously, use the scale from f K in the rest of the paper because the slope in the fits is smaller.
The data for the net charge fluctuations in the temperature interval 120-250 MeV, results of the linear extrapolation for χ dependence of the pion spectrum, i.e., the anomalously large RMS pion mass suppresses fluctuations in the electric charge and has a much smaller effect on the baryon and strangeness charges. In short, a continuum extrapolation without including the effects of taste symmetry breaking is insufficient. The distorted HRG model, which modifies the log of the partition function by replacing M π by M RMS π in the pion contribution, exp(−M π /T ), however, does describe the data well. In general, the HRG model defined in Eq. 7 suggests that, in this temperature regime, cut-off effects in any quantity f may be accounted for by an exponential Ansatz of the form
which, at high temperatures where cut-off effects become small, reduces to the linear fit in 1/N . In fact, all our fits performed with the exponential ansatz are consistent within errors with fits based on the quadratic ansatz. We, therefore, do not discuss the exponential fits any further in this paper. In the case ofχ B 2 we find that linear and quadratic fits agree within errors and lead to a χ 2 /dof less than unity in the entire range of temperatures T ≥ 150 MeV. We therefore use the linear fits to perform continuum extrapolations forχ B . For strangeness and electric charge susceptibilities we use quadratic extrapolations in the entire temperature range, although, as discussed above, we do not observe systematic differences between linear and quadratic extrapolations for T > ∼ 170 MeV. Using the latter for our continuum extrapolations, however, leads to more conservative error estimates.
A summary of our continuum extrapolations for χ
and the data in the low temperature region is also shown in Fig. 7 . Due to taste symmetry breaking, the data show significant dependence on N τ for T < ∼ 170 MeV. To understand this cut-off effect we compare, in the bottom panel in Fig. 7 , results for χ ) is much closer to unity compared to the other three, we confirm that the errors due to simulating at this slightly heavier pion mass are significantly smaller than the cut-off effects leading to a much heavier RMS mass.
In the interesting temperature range relevant to the discussion of freeze-out conditions in heavy ion collisions, 160 MeV < ∼ T < ∼ 170 MeV, we find that the continuum extrapolated electric charge fluctuations are (10-20)% smaller than even the modified HRG model calculation with M π = 160 MeV. For temperatures T < ∼ 150 MeV, the χ an N τ dependence, which is most likely again due to taste symmetry violations. More data are required to study this issue further.
Net baryon number fluctuations are consistent with HRG model results for temperatures below T ≃ 160 MeV, although statistical errors on our N τ = 12 data set make the quantification of possible deviations from the HRG result in this temperature range difficult. For larger values of the temperature, the estimates and errors in them grow progressively smaller. Our linear extrapolations suggest that in the temperature interval 160 MeV < ∼ T < ∼ 170 MeV, deviations from the HRG model calculations are at most 10%. A confirmation of this in our data, through the inclusion of quadratic corrections, however, requires better statistics. Data obtained with the stout action [21] also suggest that the χ B 2 stays close to the HRG model result in this temperature range. In order to reflect the influence of systematic effects on our continuum extrapolation we varied fit ranges and distribution of knots in the smooth spline interpolation. Moreover, in order to account for possible underestimates of errors on the individual data points, we divided our data samples into two independent sub-sets consisting of even and odd T-values by rank-order. We used the differences in these fits and the fit to the full data sample as an additional error on our spline interpolations.
To summarize, our continuum extrapolated values of χ B,Q,S 2 /T 2 are given in Table V with the recently published analysis using the stout action [21] . Lastly, in Fig. 6 (right), we show the ratio of the net baryon number and electric charge fluctuations, χ 
V. CORRELATIONS
Probes of the structure of QCD at finite temperature include correlations among different conserved charges. These correlations show characteristic changes in the crossover region between the low and high temperature phases of QCD, which are correlated with changes in the relevant degrees of freedom. They also provide insight into the applicability of HRG model calculations at low temperatures. The change in correlations between baryon number and electric charge,χ BQ 11 , is expected to be particularly striking as one goes from the low to the high temperature phase. At low temperatures this correlation is dominated by the contribution of protons plus anti-protons. Consequently, within the HRG model it rises exponentially with temperature in this region. In the high temperature limit of (2+1)-flavor QCD, however,χ 11 , are sensitive to changes in the strangeness degrees of freedom [22, 35, 36] . Results for the temperature dependence of these correlations are shown in Fig. 9 . They approach the Stefan-Boltzmann value, 1/3, of a massless three flavor quark gas at high temperatures. As observed in the case of the quadratic fluctuations, on decreasing the temperature towards the transition region, these correlations first overshoot the HRG model result and then approach HRG value from above at about 150 MeV. This overshoot is more pronounced for −χ BS 11 than forχ QS 11 . Also shown in Fig. 9 are continuum extrapolations (bands) which in the baryon sector, i.e., for B-S and B-Q correlations, are based on fits linear in 1/N 2 τ , whereas in the meson sector, i.e., for Q-S correlations, quadratic corrections are also taken into account. This reflects the larger sensitivity of the latter to taste violations that also has been observed for the quadratic strangeness and electric charge fluctuations.
In the isospin symmetric case considered in this study, the flavor correlationsχ 
At high temperaturesχ
us 11 receives perturbative contributions only at O(g 6 ln(1/g 2 )) and is therefore small [23, 37] . On the other hand, corrections toχ s 2 from the ideal gas limit are dominant as they are O(g 2 ). All three charge correlations show significant deviations from the ideal gas limit even at twice the transition temperature (see data in Tables II, III and IV) . These deviations are due to large contributions of flavor fluctuations, such as toχ that can be used to analyze experimental data on charge fluctuations [22, 35, 36] ,
At high temperature the deviations from the ideal gas value of unity are now due to χ Fig. 10(left) and, in comparison to the quadratic strangeness fluctuations (Fig. 3) or baryon number strangeness correlations (Fig. 9) , the approach to the ideal gas limit is much more rapid. This shows that the flavor correlation 2χ , is somewhat different as leading order perturbative corrections do not cancel completely due to differences in the light and strange quark masses. Consequently, the approach to the ideal gas limit is slower as can be seen in Fig. 10(right) .
VI. DISCUSSION AND CONCLUSION
We have analyzed quadratic fluctuations and correlations among conserved charges in (2+1)-flavor QCD. We find that as the temperature is decreased from the high temperature phase, the net baryon number fluctuations start to agree with the hadron resonance gas model below 165 MeV while for electric charge fluctuations this happens only below 150 MeV. The fluctuations of net strangeness overshoot the HRG model values at T ∼ 190 MeV. In the temperature range relevant to the discussion of chemical freeze-out in heavy ion collisions, 160-170 MeV, strangeness fluctuations are systematically larger than the HRG model result by about 20%. These detailed differences between QCD calculations and HRG model results should become manifest when experimental data on the probability distributions of net charge fluctuations [2] is analyzed. In fact, quadratic fluctuations characterize the bulk structure of these distributions which, in the Gaussian approximation at µ B = 0, is given by
where T f denotes the temperature at the time of chemical freeze-out and V f is the freeze-out volume. The results presented here suggest that the largest deviations from HRG model calculations occur in the probability distributions for electric charge and strangeness fluctuations. We give a summary of the fluctuations in conserved charges for temperatures in the transition region in Table VI. In the phenomenologically interesting temperature regime 160 MeV < ∼ T < ∼ 170 MeV, continuum extrapolated results forχ Q 2 , are smaller than the HRG model results by about 10-20%. Even though at temperatures below 150 MeV, estimates for electric charge fluctuations have large systematic errors due to the distortion of the light meson spectrum in all staggered formulations, our analysis shows that these effects can be taken into account when performing continuum extrapolations. We show that the resulting continuum estimates in the transition region lie below the HRG estimates even after corrections accounting for the distorted pion spectrum have been applied. Thus, our conclusion is that at the highest RHIC energies and at the LHC, the width of probability distribution for the net electric charge should be narrower than what HRG model calculations would suggest sinceχ Q 2 in Eq. 15 is smaller. In the case of the net baryon number fluctuations, deviations from HRG model results start to become statistically significant only for T > ∼ 165 MeV and will therefore be hard to quantify. We also find that the ratio of the net baryon number and electric charge fluctuations, presented in Fig. 6 , approaches the HRG model result from above and starts to agree with it for T < ∼ 150 MeV. In the transition region this ratio is 
i.e., fluctuations in net electric charge are expected to be about three to four times larger in the vicinity of the freezeout temperature in heavy ion collisions than net baryon number fluctuations. It is worth noting that a comparison of χ B 2 /χ Q 2 with the ratio of proton to net charge fluctuations, which is accessible in heavy ion collisions, will allow us to relate fluctuations in the proton number to the fluctuations of the conserved net baryon number [38] .
Finally, we point out that the continuum extrapolated results presented here, and summarized in Table VI in a temperature regime relevant to the freeze-out conditions in heavy ion collisions, do not rely on any uncertainties in the determination of the QCD crossover temperature or its characterization through different observables as discussed in [27] . Systematic errors on the temperature values listed in the first row of Table VI can only come from uncertainties in the zero-temperature observable used to determine the temperature scale. We estimate these uncertainties to be less than 2 MeV in our calculation [27] .
where Λ L is the QCD scale, R(β) ≡ a(β)Λ L is the β-function, and only the leading correction O(g 2 a 2 ), relevant to our tree-level improved staggered formulation, has been retained. Consider using the observable O i to define the temperature scale T i . On a lattice of temporal size N τ , this temperature is given in terms of O phy i as
The ratio of any two such temperature scales is then given by
Using Eqs. (18) and (19) we can express the observable O 2 (β) in terms of the temperature scale T 1 obtained from O 1 as
This shows that if an observable of interest (O 2 ) has a cut-off dependence similar to that of observable (O 1 ) used to determine the temperature scale T 1 , i.e., b 2 ≃ b 1 , then O 2 (β)N τ , as an estimate of O phy 2 /T 1 , has small cutoff effects. Since all the b i − b 1 need not be small, improving the scaling behavior of one observable does not, in general, imply improvement in all observables.
In the low temperature regime of QCD, the relevant degrees of freedom are hadrons with masses M H . If the hadron resonance gas is a good approximation in this regime, continuum extrapolations of lattice data are better controlled if a temperature scale is chosen such that all the lattice estimates of M H /T have small cut-off dependences. We find that using a hadronic observable such as f K improves the scaling behavior of the susceptibilities and correlations between charges as shown in Fig. 4 .
The pion sector is, however, different and has enhanced cut-off effects due to taste symmetry breaking. One does not, therefore, expect to absorb all these effects with a choice of the temperature scale. For this reason we had to modify the HRG analysis to compare with lattice data for charge fluctuations which are dominated by contributions from the pions.
